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We consider a classical XY-like Hamiltonian on a body-centered tetragonal lattice, focusing
on the role of interlayer frustration. A three-dimensional (3D) ordered phase is realized via
thermal fluctuations, breaking the mirror-image reflection symmetry in addition to the XY
symmetry. A heuristic field-theoretical model of the transition has a decoupled fixed point
in the 3D XY universality, and our Monte Carlo simulation suggests that there is such a
temperature region where long-wavelength fluctuations can be described by this fixed point.
However, it is shown using scaling arguments that the decoupled fixed point is unstable
against a fluctuation-induced biquadratic interaction, indicating that a crossover to nontrivial
critical phenomena with different exponents appears as one approaches the critical point
beyond the transient temperature region. This new scenario clearly contradicts the previous
notion of the 3D XY universality.
KEYWORDS: interlayer frustration; finite-temperature phase transition; order by disorder; Z2
symmetry breaking; BaCuSi2O6
1. Introduction
Field-induced critical phenomena of gapped spin-dimer antiferromagnets have drawn much
attention. Such antiferromagnets typically consist of strongly coupled spin-1/2 dimers, and
are essentially in singlet states in zero field. Elementary excitations in the gapped phase under
external magnetic fields are Sz = 1 triplet excitations, sometimes called “triplons,” for which a
magnetic field acts as a chemical potential. They undergo Bose-Einstein condensation (BEC)
when their density is appropriately tuned.1)
BaCuSi2O6 is one of such spin-dimer compounds,
2–14) with characteristic frustration in
interlayer interactions. Spin dimers in this compound align on the body-centered tetragonal
(BCT) lattice (Fig. 1). Owing to the lattice geometry, loops that include interlayer hoppings
are frustrated, which leads to cancellation among interlayer interactions. An interesting be-
havior related to this interlayer frustration has been reported.15) The phase boundary around
the quantum critical point is described by the power law Tc (H) ∝ (H −Hc)
φ with an anoma-
lous exponent φ = 1.2) Since mean-field treatment yields φ = 2/d, the exponent is regarded
as a characteristic of two-dimensional (2D) systems, and in this sense the phenomenon is
called “dimensional reduction.” We refer to several recent papers for further details on this
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Fig. 1. (Color online) (a) Localized spin degrees of freedom in BaCuSi2O6. (b) BCT lattice. For
clarity, interlayer bonds are drawn partially.
subject.2, 10–14)
Our main interest in this paper is to study the critical properties at the finite temperature
transition in BaCuSi2O6. Owing to the broken U(1) symmetry of the ordered state and a few
experimental observations such as the λ-peak of specific heat,6) it has been presumed so far
that the transition is in the three-dimensional (3D) XY universality class. However, as we will
argue in this paper, the additional Z2 symmetry breaking that characterizes the ordered phase
in the BCT lattice makes the XY fixed point unstable.10–13) The 3D XY-type order takes place
in two subsystems or sublattices, namely, the even- and odd-numbered layers. The reason for
this is that a Z2 mirror-image reflection symmetry of the BCT lattice precludes any bilinear
effective coupling between layers on different sublattices. Although this Z2 symmetry allows
biquadratic interlayer couplings making the order “collinear,” whether the XY antiferromag-
netic (AF) moments of the sublattices are parallel or antiparallel remains undetermined, and
one of them is selected via spontaneous Z2 symmetry breaking. The structure of this symme-
try breaking is clearly different from that for the standard XY ordering, and our final goal is
to understand the effect of the additional Z2 symmetry breaking on the universality class of
the transition. For this purpose, we will study a classical spin model that will be introduced
in the next section. A Hamiltonian for classical spins is adequate for describing the critical
behavior near the critical temperature because the relevant (largest) fluctuations are classical:
fluctuations in the imaginary time direction become negligible because they are confined to
a finite size β = 1/T . We will also present numerical simulation results that elucidate the
above-mentioned symmetry-breaking structure.
2. Model
The low-energy subspace generated by the Sz = 1 triplet and singlet well approximates the
spin-dimer systems in an applied magnetic field.1, 16) The corresponding effective Hamiltonian
is the XXZ model for S = 1/2 pseudo-spins that represent the two states of each dimer:
Sz = 1/2 for the triplet and Sz = −1/2 for the singlet. Since the the thermodynamic phase
transition is driven by classical (or thermal) fluctuations, we can replace S = 1/2 pseudo-
spins with classical spins, in order to study the critical phenomena near the finite-temperature
2/16
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transition:
Hcl = J‖
∑
n,〈r,r′〉
Sn,r · Sn,r′ + J⊥
∑
n,r,δr
Sn,r · Sn+1,r+δr −H
∑
n,r
Szn,r, (1)
where Sn,r is a three-component classical spin, located at a site r in the n-th layer on the
BCT lattice (r refers to a two-component vector), 〈r, r′〉 are nearest-neighbor pairs on a given
layer, and δr = (±a/2,±a/2) are interlayer displacement vectors (hereafter, we take a = 1). J‖
(J⊥) is the AF intralayer (interlayer) interaction. Throughout the paper, we consider the case
J‖ > J⊥ > 0, whose inequality sign is the same as that in the relation between the magnitudes
of interdimer exchanges in BaCuSi2O6. The finite magnetic fieldH breaks O(3) spin symmetry
down to O(2) symmetry, and thus the spins we treat are XY-like. This justifies the neglect of
the easy-plane-type spin-anisotropy that exists in the effective XXZ model mentioned above.
Although the two-component spins would serve the present purpose just as well as the three-
component spins, we use the latter for technical reasons.
First, we will discuss the basic properties of Hcl. The energy is minimized when the spins
form a canted AF order in each layer. The ground-state configuration is given by
Sn,r =
(
sinΘ cos Φn e
iQ·(r−r
(n)
0 ), sinΘ sinΦn e
iQ·(r−r
(n)
0 ), cosΘ
)
, (2)
with cosΘ = H/
[
8
(
J‖ + J⊥
)]
, Q = (π, π), and r
(n)
0 ≡
(
1
2 ,
1
2
)
δ(−1)n,1. We define M
(n)
XY ≡
(cos Φn, sin Φn) to represent the XY AF moment of the n-th layer, and in what follows we use
the term “AF moment” to refer to this quantity unless otherwise specified. Interlayer mean-
field interactions cancel out in the ground state because of a combination of the intralayer AF
order and the geometry of the BCT lattice. This means that the AF moments of one layer
can be rotated without changing ground-state energy. Thus, the system may be viewed as a
set of independent 2D layers at T = 0.
This apparent 2D character is lifted by thermal fluctuations. We will show that these
fluctuations select a state qualitatively analogous to the ordered phase of the original quantum
system. One of the simplest ways to see how this “order by disorder”17, 18) takes place is
to use spin-wave approximation and evaluate free energy as a function of the ground-state
configuration {Φn}. Let θn,r and φn,r represent small fluctuations around a given ground-state
configuration. Expanding the Hamiltonian to the second order in these variables, we rewrite
it in the form Hcl ≈ Hsw (Θ, {Φn} ; {θn,r}, {φn,r}) = H2D + gV with g ≡ J⊥/J‖. Here,
H2D =
1
2
∑
n,q
(ωθ (q) θn,qθn,−q + ωφ (q) φn,qφn,−q) (3)
and
V =
∑
n,q
[
γ
(n)
θθ (q) θn,qθn+1,−q + γ
(n)
φφ (q)φn,qφn+1,−q + γ
(n)
θφ (q) (θn,qφn+1,−q − θn+1,−qφn,q)
]
,
(4)
where θn,q = (L
2)
−1/2∑
r θn,r e
−iq·r and φn,q = (L
2)
−1/2∑
r φn,r e
−iq·r with L2 being the
3/16
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number of sites in each layer. The coefficients in H2D are written as
ωθ (q) = 2J‖
[
2 +
(
1− 2 cos2Θ
)
(cos qx + cos qy)
]
(5)
ωφ (q) = 2J‖ sin
2Θ(2− cos qx − cos qy) , (6)
and those in V are written as
γ
(n)
θθ (q) = 4J‖
[
sin2Θcos
qx
2
cos
qy
2
− cos2Θcos (Φn+1 − Φn) sin
qx
2
sin
qy
2
]
(7)
= C1 (q) + C2 (q) cos (Φn+1 − Φn)
γ
(n)
φφ (q) = −4J‖ sin
2Θcos (Φn+1 − Φn) sin
qx
2
sin
qy
2
(8)
γ
(n)
θφ (q) = 4J‖ sinΘ cosΘ sin (Φn+1 − Φn) sin
qx
2
sin
qy
2
, (9)
where C1 ≡ 4J‖ sin
2Θcos qx2 cos
qy
2 and C2 ≡ −4J‖ cos
2Θsin qx2 sin
qy
2 . Then we expand free
energy as F = −T lnZ0 − T
∑∞
k=1
(−g)k
k! β
k〈V k〉
(c)
0 with g being a small parameter (Z0 ≡
Tr e−βH2D and 〈V k〉
(c)
0 denote the cumulants with respect to Z
−1
0 e
−βH2D). To the fourth order
in g, we obtain
F = −T lnZ0 −
g2
2!
A (Θ)TL2
∑
n
cos2 (Φn+1 − Φn)−
g4
4!
B (Θ)TL2
∑
n
cos (Φn+2 − Φn)− . . . ,
(10)
with the definitions of A and B given below. We have dropped several “biquadratic” terms of
O(g4) because they do not change the O(g2) term’s symmetry discussed below.
The {Φn}-dependence of F lifts part of the ground-state degeneracy, which is unrelated to
the system symmetry. The coefficient A (Θ) of the O(g2) term is determined by the integral
β2〈V 2〉
(c)
0 = L
2
∑
n
∫
BZ
d2q
(2π)2

γ(n)θθ (q)2
ωθ(q)
2 +
γ
(n)
φφ (q)
2
ωφ(q)
2 + 2
γ
(n)
θφ (q)
2
ωθ(q)ωφ(q)


= A (Θ)L2
∑
n
cos2 (Φn+1 − Φn) + const. (11)
A is found to be positive, favoring collinear configurations where Φn+1−Φn = 0 or π. There-
fore, this term represents the biquadratic effective interaction between nearest-neighbor lay-
ers. On the other hand, there is no terms proportional to cos (Φn+1 − Φn) in F , being con-
sistent with the fact that bilinear effective interactions between nearest-neighbor layers are
forbidden by the symmetry of the BCT lattice.10–13) A mirror-image transformation with
respect to the (100) plane that contains (0, 0) or (1/2, 1/2) is such a symmetry operation.
By the mirror-image transformation with respect to the plane that contains (0, 0), for ex-
ample, sites r with eiQ·(r−r
(n)
0 ) = ±1 in even-numbered (odd-numbered) layers are mapped
in sites r¯ on the same layer with eiQ·(r¯−r
(n)
0 ) = ±1 (eiQ·(r¯−r
(n)
0 ) = ∓1). Consequently, under
the corresponding symmetry transformation Sn,r → S
′
n,r ≡ Sn,r¯, the local AF moments
change as eiQ·(r−r
(n)
0 )San,r → e
iQ·(r−r
(n)
0 )S ′an,r = (−1)
neiQ·(r¯−r
(n)
0 )San,r¯ (a = x, y). This means
4/16
J. Phys. Soc. Jpn. Full Paper
Φn → Φn (n: even) and Φn → Φn + π (n: odd) for the phase of their spatial average over
a layer, resulting in cos (Φn+1 − Φn) being mapped to − cos (Φn+1 − Φn). Therefore, the two
types of the collinear configurations, namely those with AF moments of adjacent layers being
parallel (Φn+1 − Φn = 0) or antiparallel (|Φn+1 − Φn| = π), are equivalent. While this de-
generacy generally exists for the AF moments of any two layers (n, n′) with |n− n′| being an
odd number, this is not the case with layers of even-numbered separations. Indeed, the O(g4)
term in F determined by
B (Θ) ≡
∫
BZ
d2q
(2π)2
48C1
2C2
2
ωθ(q)
4 > 0 (12)
represents the bilinear effective interaction between second nearest-neighbor layers, favoring
Φn+2 −Φn = 0.
Although the above spin-wave treatment describes the situation at low temperatures
T ≪ Tc, we can expect essentially the same form as eq. (10) also for T . Tc in terms of
symmetry. Therefore, the ordered phase is expected to have the following characteristics (see
Fig. 2). First, there are two subsystems with XY-type 3D ordering, namely even- and odd-
numbered layers, but there are no bilinear effective interactions in between. Second, because
of the effective biquadratic interactions, the AF moments of these subsystems tend to align
in the same direction. As a consequence, there are two symmetrically equivalent but distinct
configurations Φn+1 − Φn = 0 or π (Fig. 2). Note that interlayer bonds that are equivalent
by symmetry become inequivalent in the ordered phase, meaning that bond ordering results
from the spontaneous Z2 symmetry breaking. These features are qualitatively the same as the
original quantum system.10–13) The bond order is a direct 3D analogue of the “Ising-order”
that was discussed in the frustrated square-lattice J1-J2 model for 2J2 > J1.
18–20) We will use
σn,r =
∑
δr
(−1)δr
4
(
Sxn,rS
x
n+1,r+δr + S
y
n,rS
y
n+1,r+δr
)
, (−1)δr ≡ exp [i(π,−π) · δr] (13)
as the local bond-ordering order parameter. It is invariant under O(2) spin rotations but
changes its sign (σ → −σ) under mirror-image reflections of the lattice, i.e., it serves to detect
the Z2 symmetry breaking.
3. Theoretical Arguments on the Phase Transition
3.1 Single bilayer and the BCT lattice
Let us consider the problem of how many phase transitions take place. There are two
possible scenarios: a) only one phase transition at T = TXYc = T
BO
c , driven by the XY
ordering. b) two transitions at T = TBOc and T = T
XY
c (< T
BO
c ). Since the XY ordering
necessarily accompanies the bond ordering, TXYc > T
BO
c is impossible. We will use the results
of a single bilayer case to argue that a) is the correct scenario. The bilayer case is equivalent to
the J1-J2 XY model with J1 = J⊥ and J2 = J‖. This model has been studied numerically by
Loison and Simon.20) It breaks the additional Z2 symmetry for 2J2 > J1 at a finite temperature
5/16
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Fig. 2. Expected ordered phase. Solid and gray arrows denote spins on different sublattices, namely,
even- and odd-numbered layers, and only their XY components are shown for clarity. These
configurations are distinct in the sense of the spontaneous bond ordering (see text). Solid (dashed)
interlayer lines represent the spin-pairs with parallel (antiparallel) XY components.
T = T κc with a second-order transition, which is followed by a Berezinskii-Kosterlitz-Thouless
(BKT)-type transition at a slightly lower temperature T = TKT < T
κ
c .
We next consider an array of weakly coupled bilayers with Jf being the inter-bilayer
interaction (Jf/J‖ ≪ 1), such that the array returns to the original BCT lattice when Jf = J⊥.
In this case, induced by the order-by-disorder mechanism, there appear effective interlayer
interactions J ′eff =
(
Jf/J‖
)k
J‖ between the XY-components of spins and effective interlayer
interactions J ′′eff =
(
Jf/J‖
)l
J‖ between bond-ordering order parameters. Equation (10) implies
that k = 4, and also that l = 2 because J ′′eff is determined by effective biquadratic interactions.
The effective coupling J ′eff is relevant for turning the BKT transition into the true long-range
XY ordering and J ′′eff drives the 2D bond ordering to the 3D behavior. To determine T
XY
c and
TBOc , we use a simple random phase approximation (RPA) argument.
21) In this treatment,
the XY and bond orderings take place when
J ′eff χ
(
TXYc
)
≈ 1 (14)
J ′′eff χ
κ
(
TBOc
)
≈ 1 (15)
are satisfied, respectively. Here, χ (T ) and χκ (T ) are the AF XY and 2D bond ordering suscep-
tibilities for the single bilayer, respectively. As the temperature is lowered, χ (T ) is expected
to diverge exponentially as χ (T ) ∝ J‖
−1 exp
(
b
√
TKT
T−TKT
)
with b being a constant. On the
other hand, χκ (T ) is expected to show the power-law divergence χκ (T ) ∝ J‖
−1
(
T−Tκc
Tκc
)−γ
(γ > 0). By substituting these expressions in eqs. (14) and (15), we obtain:
TXYc − TKT
TKT
≈

 b
ln
(
J ′eff/J‖
)


2
=
[
b/k
ln
(
Jf/J‖
)
]2
(16)
TBOc − T
κ
c
T κc
≈
(
J ′′eff/J‖
)1/γ
=
(
Jf/J‖
)l/γ
. (17)
Because eq. (16) diverges as Jf approaches J‖ while eq. (17) does not, these equations imply
that TXYc > T
BO
c for Jf > J
c
f . Here, J
c
f depends on the difference T
κ
c −TKT . Since the difference
seems to be very small according to the existing numerical simulations,22) we can expect that
6/16
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Jcf is small. Therefore, we can conclude that the thermodynamic phase transition of the XY
ordering first takes place as temperature decreases over a wide range of Jf values. Here, note
that the above RPA estimate of TBOc is based on assumption that the XY spin ordering
is absent. Since the XY ordering also breaks the Z2 symmetry, the bond ordering transition
temperature cannot be lower than TXYc . Therefore, the above RPA result T
XY
c > T
BO
c actually
implies a single-phase transition.
3.2 Stability of the decoupled XY fixed point
The next question is about the universality class of the phase transition, in particular as
to whether it belongs to the previously expected 3D XY universality class. Introducing the
“continuous” O(2) real vectors φai (r) (a = x, y) to describe the spins on the even- (i = 1)
and odd-numbered (i = 2) layers,23) we consider the Landau-Ginzburg-Wilson (LGW)-type
effective Hamiltonian of the form
Heff =
∫ [1
2
∑
µ
(∂µφ1 · ∂µφ1 + ∂µφ2 · ∂µφ2) + t
(
|φ1|
2 + |φ2|
2
)
+ u
(
|φ1|
4 + |φ2|
4
)
+ λ (φ1 · φ2)
2 + g|φ1|
2|φ2|
2
]
ddr. (18)
The first three terms constitute a standard φ4 theory for the decoupled O(2) model. The
(φ1 · φ2)
2 term represents a quadrupole-quadrupole interaction induced by the order-by-
disorder mechanism. The other quartic term |φ1|
2|φ2|
2 is included here explicitly, because
it is generated through renormalization group (RG) iterations. As we mentioned earlier, the
lattice-symmetry of the original model eq. (1) does not allow effective bilinear interactions
between nearest-neighbor layers. For this reason, the quadratic term φ1 · φ2 is impossible in
eq. (18).
This Hamiltonian eq. (18) is anN =M = 2 case of the model referred to as the “N -coupled
M -vector model,”24) with the additional (φ1 · φ2)
2 term. It has a trivial decoupled fixed point
(D) at u 6= 0 and λ = g = 0, which is a plausible candidate for the fixed point corresponding
to the expected 3D XY universality. This model was first introduced in the 1970s,25) in the
context of the replica theory for random systems. It was found that the decoupled fixed point
is unstable against perturbations such as biquadratic ones. Below, we briefly summarize the
argument, because the original argument was made in a relatively different context.
The stability of a fixed point against a given perturbation is determined by the RG of its
conjugate field. Therefore, we need to compute the RG eigenvalues yλ,D (yg,D) of the coupling
λ (g) at the decoupled fixed point. They can be computed via two-point correlators at the
decoupled fixed point, which in this case can be readily factorized into known correlators.
First, 〈
|φ1(r)|
2|φ2(r)|
2 |φ1(r
′)|2|φ2(r
′)|2
〉
D
=
〈
|φ1(r)|
2|φ1(r
′)|2
〉
D
〈
|φ2(r)|
2|φ2(r
′)|2
〉
D
7/16
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∝ |r − r′|−4xt , (19)
where xt = d − 1/ν is the scaling dimension of the energy-density field of the 3D XY model
with ν being the correlation-length exponent. This means that the scaling dimension of the
|φ1|
2|φ2|
2 term is equal to 2xt. Therefore,
yg,D = d− 2xt = 2/ν − d ≈ −0.021815 < 0 in d = 3, (20)
where we used ν = 0.67155(27).26) The negative yg,D indicates that the decoupled fixed point
is stable against the |φ1|
2|φ2|
2 term. However, this is not the case with the other (φ1 · φ2)
2
term. This term can be decomposed into
(φ1 · φ2)
2 =
1
2
(
Qxx1 Q
xx
2 +Q
xy
1 Q
xy
2 + |φ1|
2|φ2|
2
)
, (21)
where Qxxi = (φ
x
i )
2 − (φyi )
2 and Qxyi = 2φ
x
i φ
y
i (i = 1, 2) are components of the traceless
symmetric tensor of the quadrupole order parameter. Using eq. (21) and the O(2) invariance
of Heff, we obtain
4
〈
(φ1 · φ2)
2 (r) (φ1 · φ2)
2 (r′)
〉
D
= 2
〈
Qxx1 (r)Q
xx
1 (r
′)
〉
D
〈
Qxx2 (r)Q
xx
2 (r
′)
〉
D
+
〈
φ21(r)φ
2
1(r
′)
〉
D
〈
φ22(r)φ
2
2(r
′)
〉
D
=
CQQ
|r − r′|4xQ
+
Ctt
|r − r′|4xt
, (22)
where CQQ and Ctt are nonzero coefficients and xQ is the scaling dimension of the quadrupole
order parameter. Comparing xQ ≈ 1.237
27) with xt ≈ 1.5109,
26) we find that the quadrupole-
quadruple correlator gives the most relevant contribution to eq. (22). Consequently, the scaling
dimension of the (φ1 · φ2)
2 term is equal to 2xQ and we obtain
yλ,D = d− 2xQ ≈ 0.526. (23)
The positive yλ,D indicates that λ is a relevant coupling for the decoupled 3D XY fixed point.
In other words, the decoupled fixed point is unstable under such perturbation.
4. Results of the Monte Carlo Simulation
In this section, we present the results our Monte Carlo (MC) simulation for the Hamil-
tonian eq. (1). All the results shown in what follows are obtained for J⊥/J‖ = 0.75 and
H/J‖ = 10.0. The system size is L × L × (L/4) with L = 16, 24, 32, 40, and 48. Our main
motivation for these parameters and the anisotropic aspect ratio is to realize the proper
configuration in finite-size systems. These considerations are necessary, because fluctuation-
induced effective couplings, if normalized per site, are typically smaller than J‖ by 2–3 orders
of magnitude.
Figures 3 and 4 show low-temperature snapshots of MC simulations, which are useful for
understanding the situation. The points in these figures represent the local XY AF moments
8/16
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Fig. 3. Low-temperature snapshot of a MC simulation for L = 48 at T/J‖ = 0.27 (see text).
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Fig. 4. Snapshot under the same conditions as the snapshot in Fig. 3, but obtained using a different
random-number sequence.
eiQ·(r−r
(n)
0 )(Sxn, S
y
n) in each layer, with their spatial positions being discarded for clarity; the ar-
rows represent the in-layer AF moments. We can see that the configurations are collinear, and
that the AF-moments in every other layer tend to align in the same direction. By comparing
these two figures, we can also see that the effective interaction between layers of odd-number
separations is not bilinear but biquadratic. As we will quantitatively show below, these con-
figurations are typical at low temperatures.
In Figs. 5(a) and 5(b), we show decays of the correlation function G(R) ≡
G (R(n, r;n′, r′)) =
〈
Sxn,rS
x
n′,r′ + S
y
n,rS
y
n′,r′
〉
along the interlayer [111] and intralayer [110]
directions. G(R) along [110] indicates the formation of the in-layer AF order, and positive
correlations along [111] for R/(1/2, 1/2, 1/2) = 2 and 4 suggest the presence of a bilinear
effective interlayer interaction of the ferromagnetic type. On the other hand, the suppression
of G(R) for R/(1/2, 1/2, 1/2) = 1 and 3 is mainly due to the cancellation of the contributions
of opposite (“parallel” and “antiparallel”) configurations, suggesting the absence of a bilinear
effective interaction between nearest-neighbor layers; nonzero values at these distances are
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Fig. 5. Correlation function G(R) along [111] (a) and [110] (b) for L = 32. The lines are guides to
the eyes.
due to short-wavelength fluctuations.
Next we turn to the analysis of the order parameters. There are two relevant order pa-
rameters to be examined: the XY and bond-ordering order parameters. We use
MXY ≡
8
L3
∑
n∈even, r
eiQ·(r−r
(n)
0 )
(
Sxn,rxˆ+ S
y
n,ryˆ
)
, (24)
as the XY order parameter, namely, an AF order parameter defined on the “even” sub-
lattice (the choice of either “even” or “odd” is arbitrary). On the other hand, we use
MBO ≡
4
L3
∑
n,r σn,r as the bond-ordering order parameter (σn,r is defined by eq. (13)).
Figures 6(a) and 6(b) show the temperature dependence of the Binder parameters UXY4 ≡〈
M4XY
〉
/
〈
M2XY
〉2
and UBO4 ≡
〈
M4BO
〉
/
〈
M2BO
〉2
. They should asymptotically show crossings
for different system sizes at critical points, whereas UXY4 → 2 and U
BO
4 → 3 for T/J‖ ≫ 1,
and UXY4 , U
BO
4 → 1 for T/J‖ ≪ 1. It is not easy to determine T
XY
c and T
BO
c precisely as they
still suffer from severe finite-size effects, but it is clear that there is a phase transition. Both
TXYc and T
BO
c are located in the region 0.305 < T/J‖ < 0.310.
In order to obtain the critical exponents, we perform finite-size scaling analysis of the
squared quantities 〈M2XY 〉 and 〈M
2
BO〉 assuming the following standard scaling forms:
〈M2XY 〉 = L
−(d−2+η) ΦXY
(
tL1/ν
)
, (25)
〈M2BO〉 = L
−2xσ ΦBO
(
t′L1/ν
′)
, (26)
where t ≡
(
T − TXYc
)
/TXYc and t
′ ≡
(
T − TBOc
)
/TBOc are reduced temperatures, ΦXY and
ΦBO are scaling functions, xσ is the scaling dimension of the bond order parameter, and the
exponents ν, ν ′, and η are conventional parameters. As shown in Figs. 7(a) and 7(b), we can
produce a reasonable data collapse, where we use
η = 0.04(1), ν = 0.67(1), and TXYc /J‖ = 0.308(1) (27)
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Fig. 6. Temperature dependence of the Binder parameters of the (a) XY ordering and (b) bond
ordering. The insets show enlarged views in the critical region. The lines are guides to the eyes.
for the XY ordering and
2xσ = 2.07(1), ν
′ = 0.67(1), and TBOc /J‖ = 0.310(2) (28)
for the bond ordering. These values of TXYc and T
BO
c are consistent with the estimations
made from the Binder parameters.
Although there is a slight difference between TXYc and T
BO
c , the close proximity of ν and
ν ′ (no difference in our resolution) suggests that the difference found for L ≤ 48 is due to
finite-size effects and that there is only one transition. As for the critical exponents, their
values agree with those of the decoupled 3D XY fixed point, for which ηD and νD coincide
with those of the 3D XY model (η = 0.0380(4) and ν = 0.67155(27)26) ) and, in addition,
xσ,D = 2x holds with x being the scaling dimension of the XY order parameter (therefore,
2xσ,D = 2 · 2x = 2(d − 2 + η) = 2.0760(8) ).
13) The reason for this is that σ corresponds to
φ1 · φ2 in the continuous-spin language. Its two-point correlator can be factorized as〈
(φ1 · φ2) (r) (φ1 · φ2) (r
′)
〉
D
=
〈
φ1(r) · φ1(r
′)
〉
D
〈
φ2(r) · φ2(r
′)
〉
D
(29)
using the O(2) symmetry of the Hamiltonian eq. (1) or (18). Then, the simple counting of
powers leads to xσ,D = 2x.
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5. Discussion
The MC results apparently contradict the previous observation that the decoupled fixed
point is unstable, but the reason why critical exponents of such an unstable fixed point are
obtained can be understood through the theory of crossover behavior. First, the above MC
results suggest that the actual RG flow passes through the vicinity of the decoupled fixed
point. In this parameter region, the system-size dependence of the singular part of free energy
has the scaling form
fs (t, λ, L) = |t|
dνDΨ
(
tL1/νD , λLyλ,D
)
. (30)
The amplitude of the relevant biquadratic coupling λ can be estimated as |λ| ∼
(
J⊥/J‖
)2
A ≈
0.022 using eq. (10). It is too small to observe any significant sign of the crossover behavior in
the sense that we need a system as large as L ∼ |λ|−1/yλ,D ≈ 1400, which is much larger than
the largest system investigated in the present work. In this way, the most natural interpretation
of our MC results is summarized as follows: what we obtained are “effective” exponents due
to transient behavior of the RG flow around the decoupled fixed point. However, since the
flow should eventually leave the vicinity of the decoupled fixed point, we expect a crossover
to be observed in larger systems.
The above finite-size scaling arguments can be immediately translated into general scaling
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arguments, in which experimental relevance becomes more transparent. The fact that the RG
flow passes through the vicinity of the decoupled fixed point means that there is a certain
temperature region where long-wavelength fluctuations are described by the decoupled 3D
XY model. However, because this fixed point is unstable, this temperature region must be
outside of the ultimate critical region: |t| & tX such that the correlation length is bounded as
ξ . |λ|−1/yλ,D .28) We expect that, as one approaches the critical point beyond this intermediate
temperature region, a crossover from the decoupled 3D XY behavior appears.
A question that now arises concerns the nature of the stable fixed point. Since the pertur-
bation field λ is only slightly relevant at the decoupled fixed point for d sufficiently close to 4
(yλ,D =
3
5ǫ+O(ǫ
2) with ǫ ≡ 4− d), it does not seem to be difficult to find a new stable fixed
point by performing the ǫ-expansion in the lowest nontrivial order. However, the attempt to
conduct O(ǫ) calculation is unsatisfactory.25) According to such a calculation, there is no sta-
ble fixed point in the finite region of the parameter space. Moreover, it fails to reproduce the
irrelevance of g around the decoupled fixed point, implying that the topology of the flow itself
may not be convincing unless one goes to sufficiently high orders in ǫ. Therefore, it remains to
be clarified whether a stable fixed point exists and, if it does, what type of critical behavior is
expected from such a fixed point. We expect that direct numerical simulations of the effective
Hamiltonian eq. (18) will shed light on this problem. Such a simulation will be performed in
a future study.
6. Conclusions
In this paper, we have studied a classical model of the finite-temperature transition in
BaCuSi2O6. We have demonstrated that thermal fluctuations select a particular configura-
tion in a low-temperature ordered phase. It is stabilized by a composite of two subsystems,
and is realized via multiple symmetry breakings, O(2) and Z2, with the latter being related
to the mirror-image reflection symmetry of the underlying lattice. The qualitative character-
istics of the phase are the same as those of the original quantum system. On the basis of
the RPA argument, we have also argued that there is only one transition at which the XY
and bond orderings occur simultaneously in contrast to the 2D single-bilayer case. As for
the critical behavior of the phase transition, we have shown that a plausible form of LGW-
type effective Hamiltonian has a decoupled fixed point that yields the critical exponents of
the 3D XY universality class. However, scaling arguments reveal that the decoupled fixed
point is unstable against the perturbation of the quadrupole-quadrupole interaction. Since
the quadrupole-quadrupole interaction is induced by the order-by-disorder effect, this con-
clusion clearly excludes the decoupled XY fixed point for describing the asymptotic critical
behavior. On the other hand, MC simulation yields a set of exponents that can be attributed
to the decoupled 3D XY universality. As a first point to be noticed from this observation, we
have indicated that there is actually an intermediate temperature region outside the ultimate
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critical region, where the observed thermodynamic properties are related to the decoupled
fixed point. We have also presented a reasonable argument explaining why no significant devi-
ation has been observed (within our system sizes) from the critical exponents of the unstable
decoupled fixed point, on the basis of the theory of crossover behavior.
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